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Effect of Gravity Model Inaccuracy on
Navigation Performance

A. B. Chatfield,* M. M. Bennett,t and T. Ghent
Geodynamics Corporation, Santa Barbara, Calif.

Instead of the usual treatment of gravity model errors in terms of uncertainties with assumed statistical
characteristics, the navigation errors for a selected flight path were derived from simulations of the navigation
process with an accurate reference gravity model and with an ellipsoid model. The deterministic error due to use
of the ellipsoid gravity model in the navigation computations was obtained for the selected flight path by dif-
ferencing the navigation state obtained with the two gravity models. The reference gravity model is composed of
the C0f0 and C2,0 spherical harmonic coefficients and a large number of subterranean point masses. The point
mass values were determined by least-squares fitting to mean gravity disturbances derived from surface mean
gravity anomalies and associated geoid heights. Uncertainties in these data were used to establish the uncertainty
in the evaluation of the deterministic navigation error for the selected flight path.

Introduction

NAVIGATION system operations may be divided int two
broad categories—single trips over a large number of

vehicle trajectories within a region of specific boundaries and
repeated operation along a single route. The statistical effect
of gravity model inaccuracy on navigation system per-
formance is distinctly different for these two types of
operation because of the variability of the gravity field with
geographic location.

In the first type of operation, the navigation error due to
use of an ellipsoid gravity model would be expected to exhibit
a mean and standard error as a function of navigation time.
An accurate evaluation of the ensemble mean and ensemble
standard error would involve repeated evaluations of the
navigation error due to gravity model errors within the
specified operational region.

A number of trips along a single route (such as during a
navigation test program) result in the vehicle repeatedly
passing through very nearly the same gravity field. As a con-
sequence, the navigation errors due to use of an ellipsoid
gravity model are algebraic functions of time, just as they are
for a single trip.

With only a limited number of exceptions, such as the work
reported in Ref. 1, the navigation uncertainty due to gravity
model uncertainty has been determined to date without noting
any distinction between types of operations.2"5 In Ref. 1
specific statistical treatment of complex vehicle paths is con-
sidered.

More importantly, available gravity field data have not
been fully utilized to reduce navigation inaccuracy due to
gravity model inaccuracy.l~5 In those cases in which attempts
have been made to use available gravity data, the navigation
system employed partial compensation by including the
gravity model error in the state vector being estimated.3'4 In-
formation on the measured gravity field was incorporated in-
to the navigation computations in the form of Markov
models.

Until a method of deriving an accurate reference gravity
model became available there was no attractive alternative to
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these navigation error analysis approaches except the use of
interpolation between stored values of the gravity anomaly
and deflections of the vertical. This procedure is accurate and
practical for ground navigation in a relatively small
geographic area. However, the awesome task of extrapolating
deflections of the vertical to the flight altitude over a large
area and the possible requirement to generate extrapolated
values for several altitudes make this method unattractive
even for postflight analysis.

With the advent of a method of deriving a reference gravity
model which accurately reproduces the gravity field in a deep
volume of space over a large geographic area, it is now
possible by direct simulation to establish accurately and con-
veniently the deterministic gravity model error and remove its
effect from both inertial and aided-inertial navigation,
thereby greatly reducing the navigation uncertainty in regions
where the gravity field is well mapped.

This paper presents the results of an evaluation of the effect
of gravity model inaccuracy on an aircraft navigation system
operating in both inertial and aided-inertial modes. The error
analyses are based upon one north-south round trip flight be-
tween Southern New Mexico and Northern Colorado. Flight
altitude, speed, and navigation time were 20,000 ft, 380 knots,
and 2 hr and 49 min., respectively. Navigation state for the
inertial navigation simulations included velocity, position,
and attitude. The state vector used in the aided-inertial
navigation simulation included, in addition, the gravity model
error. Doppler velocity measurements were utilized at 3-min
intervals except during turns, and checkpoint geodetic coor-
dinate updates were utilized at intervals of approximately 10
min.

The results of the error analysis show the effect of gravity
model inaccuracy for a flight test type of operation over the
selected flight path. Obtaining the ensemble mean and stan-
dard error for a large operational region will require extension
of the reference gravity model to a larger geographic area and
repeated application of the error analysis procedure described
here.

Basic Definitions
The reference gravity model is defined as the set of ellipsoid

spherical harmonic coefficients and point masses which best
fits, in a least-squares sense, a set of gravity disturbance vec-
tors generated from mean free-air gravity anomalies and
associated geoid heights.§ Thus, in a least-squares sense, it is a

§Terms common to geodesy but not frequently encountered in the
aerospace industry, such as gravity anomaly and geoid height, are
defined in Ref. 3.
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Fig. 1 Geographic boundaries of surface gravity data.

best-estimate gravity model and functionally dependent
parameters are symbolically indicated by the subscript B. The
ellipsoid gravity model is referred to as the simplified model
and functionally dependent parameters are denoted by the
subscript S.

For a given vehicle path, the error in navigation state due to
use of gravity derived from a simplified model is. an algebraic
function of time. Denoting this algebraic function of time by
AXG ( t ) , the defining relation is

~ A ~

where XA (t) = error-free state associated with the vehicle
trajectory generated with the actual (true) gravity field and a
reference specific force profile, Xs(t) = error-free navigation
system estimate of state based on use of the simplified gravity
model and the reference specific force profile.

The error-free navigation state generated with the reference
gravity model and the reference specific force profile XB(t)
may be subtracted and added to the right side of Eq. (1) to
yield

in which

AXGS(t)^Xs(t)-XB(t)

&XGD(t)=XB(t)-XA(t)

(2)

(3)

(4)

The AXGS(t) term in Eq. (2) represents that portion of the
systematic error in navigation state due to unmodeled gravity
errors which is deterministic and can be evaluated by
simulating navigation computations using the reference
gravity model and the simplified gravity model. The
remaining term AXGD(t) represents the error in establishing
&XG (0 by use of the approximation AXGS(t). It can only be
evaluated on a statistical basis. The gravity-related causes for
the existence of AXGD(t) are threefold: 1) errors in the sur-
face gravity data used in the generation of the reference
gravity model, 2) geographic area and wavelength content
limitations in the gravity data base, and 3) reduction of the
reference gravity model residuals to small values but not to
zero in the least-squares point mass function-fitting process.
Sources 2 and 3 can be made negligibly small where sufficient
surface gravity data are available and convergence of the
modeling process is rigidly constrained. Since these two con-
ditions are met for the selected flight-path region, the un-
certainty in establishing AXG(t) is due primarily to un-
certainty in the surface gravity data.

A relatively straightforward method of evaluating the effect
of gravity model data uncertainties is to employ an ensemble
of navigation simulations based on perturbed reference
gravity models. The perturbed reference gravity models are
derived by a Monte Carlo process which involves randomly
selecting perturbations in the gravity data based on gravity
data uncertainty statistics. Denoting the error in navigation
state corresponding to the /th perturbation of the reference
gravity model by AXGD. ( t ) , the defining relation is

(5)

where XB.(t) = error-free navigation system estimate of state
based on use of the /th perturbed reference gravity model and
the reference specific force profile.

The description, given later, of the manner in which AXGS
(t) and the Cov [ A X G D ( t ) ] are evaluated will be more
readily understood if we first say a few words about the
generation of the reference gravity model and the reference
specific force profile.

Reference Gravity Model Generation
The reference gravity model used here is composed of the

World Geodetic System 1966 (WGS66) C0>0 and C2>0 spherical
harmonic coefficients and 10,722 subterranean point masses.
Generation of this reference required surface gravity data and
the software for converting these data into grids of sub-
terranean point masses representing the actual gravity field
over and above the adopted spherical harmonic model.

The surface gravity data requirements are determined by
the region in which the model is to be employed and the
minimum wavelength of the gravity field having significance.
For navigation purposes, the slower and lower the navigated
vehicle, the shorter the minimum wavelength that must be ac-
commodated by the reference gravity model. This is due to the
low natural frequency of inertial and aided-inertial navigation
systems and the increase in frequency of gravity model error
effects attendant with increasing ground speed and decreasing
altitude.

The surface gravity data used to develop the reference
gravity model were acquired from the gravity library main-
tained by the Defense Mapping Agency—Aerospace Center
(DM A AC) in the form of mean free-air gravity anomalies and
associated geoid heights for 5°x5° geographic quadrangles
over the entire Earth and for 1° x 1°, 15' x 15', and 5' x5'
for portions of the North American continent.

It is desirable to minimize the number of point masses to
reduce computing time while at the same time utilizing a suf-
ficient number of point masses to insure an accurate represen-
tation of gravity along the vehicle path. Previous experience
at selecting model data region boundaries for aircraft
navigation purposes was nonexistent. However, a con-
siderable body of experience exists for selecting model data
regions for ballistic missile launch region and flight region
gravity models. On the basis of this experience the boundaries
of the surface gravity data for each quadrangle size were se-
lected. These data are displayed in Fig. 1 for the l ° x l ° ,
15' x!5', and 5' x5' grid sizes. For comparison purposes,
the North-South flight path selected for the analysis is shown
in the figure.

A least-squares point mass function-fitting process is used
to establish the mass ratios! of a set of subterranean point
masses which will reproduce given surface gravity distur-
bances, in a prescribed geographical area and which are
capable of being used to evaluate disturbance gravity at
altitude. The reference gravity model geographic boundaries,
statistics of the mean disturbances, and the fitting residual
statistics are listed in Tables 1 and 2. The residual statistics in
Table 2 are shown at the beginning of the fitting process for
each point mass subset after the contributions of previously
fitted, more granular point mass subsets have been subracted

iRatio of the point mass to the mass of the earth.
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Table 1 Surface gravity data limits and characteristics

Geographic region limits
Grid Upper Lower Left Right
size lat lat long long

(deg) (deg) (deg) (deg)
5°x5° 90.0 -90.0 0.0 360.0
l ° x l ° 62.0 20.0 235.0 275.0
15'xl5' 52.5 28.5 249.0 261.0
5 'x5 ' 35.0 29.5 252.0 255.5

a Also number of point masses .

(0 iterations) and after the six to eight iterations required to
get all residuals down to less than one mgal.

Reference Specific Force Profile Generation

The specific force profile is utilized to simulate the nominal
thrust, lift, and 'drag accelerations experienced by the
navigated vehicle and sensed by the navigation system ac-
celerometers. The variation with navigation time is produced
by a two-step procedure beginning with the generation of a
total acceleration profile satisfying the end conditions of a
series of segments (stages) which, end to end, make up the
desired vehicle path. At selected integration time points, the
gravity vector components are evaluated with the reference
gravity model and subtracted from the total acceleration vec-
tor components to obtain the specific force vector com-
ponents. End conditions for each stage are specified in terms
of horizontal groundspeed, rhumb-line azimuth geodetic
height, and the first and second time derivatives of these
parameters. Variations during each stage were obtained from
fifth-order polynomials with coefficients derived from the end
conditions.

Because of the gravity feedback, gravity model errors cause
divergence of the vertical channel, and most aircraft
navigation systems employ an altimeter to control vertical
position. The procedure described for deriving the reference
specific force profile insures achievement of the desired
geodetic height profile for the reference gravity model trajec-
tory. To simulate navigation with an error-free pressure
altimeter, the same height profile should be achieved when
gravity is derived from the simplified gravity model or the
perturbed reference gravity model. This requires a
modification of the reference specific force profile, which was
accomplished by adjusting the vertical component of the
reference specific force profile by the amount required to
cause the navigation trajectory to have the desired geodetic
height profile.

-
Inertial Navigation Errors

For navigation systems employing no external measure-
ments there is no estimated state Xs(t) in the usual sense, but
rather a calculated state Xs(t), based on the simplified
gravity model. The resulting navigation error at each time t is
evaluated with Eq. (3) after replacing Xs ( t) by Xs (t) . Thus

AXGS(t)=Xs(t)-XB(t) (6)

in which

XB(t)=XB(t0) + B (7)LJVO J .
" Vs(t) ~

Xs(t)=Xs(t0)+ (8)
_Ps(t) _

•
VB(t)={ [A(T)+gB(PB(r))]dT (9)

J /o

Mean RMS Minimum Maximum No. of
disturbances disturbances disturbances disturbances mean

(mgal) (mgal) (mgal) (mgal) disturbances
.385 21.792 - 96.6 81.3 1662

15.979 23.187 - 92.7 101.7 1680
2.042 27.322 -209.1 84.1 4608
4.577 26.478 -131.5 78.0 2772

Total 10722a

Table 2 Point mass function-fitting statistics

Grid No. of Mean of RMS of Minimum Maximum
size iterations residuals residuals residual residual

(mgals) (mgals) (mgals) (mgals)
5°x5° Oa 0.39 21.79 -96.59 81.30

8 -0.01 0.29 - 0.89 0.96
l ° x l ° 0^ 1.04 16.49 -81.74 87.77

7 0.00 0.08 - 0.97 0.57
15'xlS' 0* -0.01 18.87 -152.21 84.58

7 0.00 0.05 - 0.47 0.64
5 'x5 ' 0* -0.07 12.45 -69.50 54.16

6 0.00 0.05 - 0.45 0.70
flThe data for the zero iteration applied before the fitting process

was begun but after the contributions of the C0 >0 and C2to spherical
harmonic coefficients have been removed.

^The data for the zero iterations apply before the fitting process
was begun but after the contribution of the more granular point mass
subset has been removed.

S t
(A(T)+gs(Ps(r))]dT (10)

'0

rM B\i ) — i v B\T)Cn \\.\.)
^0

Ps(t)=\ ^s(r)dr (12)J /o
In these expressions A(r) = reference specific force vector;
XB(t0 ), Xs(t0) - velocity and position vectors at the start of
navigation (after completion of coarse and fine alignment,
which are xnot part of the present study); VB(t),
Vs(t) = velocity vectors at time t\ PB(t), Ps(t) = position
vectors at time /; gB (PB (T), gs (Ps (T) ) = gravity vectors at
time r associated with positions derived with the reference and
simplified gravity models, respectively; r = dummy variable
for time.

In the present study
XB(t0)=Xs(t0) (13)

because only gravity model attributable navigation errors are
examined.

The results of the evaluation of the deterministic inertial
navigation errors due to use of an ellipsoid gravity model in
the navigation computations are displayed in Figs. 2-5. Figure
2 shows the gravity model error defined by

Ae (t) =g (P ( t ) ) — g (P ( t ) ) (14)'
which is the driving force for the velocity, position, and at-
titude errors shown in Figs. 3, 4, and 5, respectively. The ver-
tical component of the gravity model error is shown in Fig. 2,
but was not a forcing function in the error analysis because of
the clamping of the vertical channel.

The rough symmetry of the gravity model errors about the
middle time point is, of course, due to the fact that the south-
bound leg of the flight nearly retraced the path followed
during the northbound leg. The dimples in the velocity error
curves in Fig. 3 are due to the rapid changes in the gravity
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Fig. 2 Inertial navigation gravity model error for ellipsoid gravity
model.

2i0 -.UNITS - FT/SEC

-2.0
0 2 § 5 0 7 5 1 5 6 1 2 5 1 5 0 1 7 5

TIME IN MINUTES

Fig. 3 Inertial navigation velocity error for ellipsoid gravity model.

model error during these times. The attitude errors in Fig. 5
are due solely to the east and north position errors, since there
are no inertial equipment errors involved in the analysis.

Aided-inertial Navigation Errors
An aided-inertial navigation system will periodically update

the estimated state vector parameters on the basis of external
measurements of velocity, position, or attitude. A filter gain
matrix KNF(t) is evaluated and used to update the estimated
state at time t, X£s ( t ) , as follows

'dYGS(t) (15)

in which dYGS(t) is the measurement residual. Here and
elsewhere the superscripts — and 4- denote the value of the
estimated state vector just before and after the measurement
update, respectively.

The subscript NF in Eq. (15) and subsequent expressions is
meant to accentuate the fact that the parameter involved must
derive from the same calculations employed in the actual
navigation system filter. If available, the elements of KNF(t)
would be the values generated in an actual navigation flight.
Since such data are unlikely to be available, the gain matrix
elements are evaluated using approximately the same vehicle
trajectory and specific force profile, filter state vector
parameter list, error models, initial state vector covariance,
external measurement parameter list, and uncertainties as
would be used in actual navigation computations. As a con-
sequence, the results of the error analysis are valid only for
the aided-inertial navigation configuration assumed. Dif-
ferent aided-inertial navigation configurations will have dif-
ferent deterministic navigation errors, even though the same
flight path is employed.

The navigation system software is assumed to be based
upon a Kalman-Bucy sequential filter.6 Hence, the filter gain
is given by

x { E ( 5 Y N F ( t ) d Y N F ( t ) T ] } - !

=Px(t)B(t)T[B(t)Px(t)B(t)T

1000.
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Fig. 4 Inertial navigation position error for ellipsoid gravity model.
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Fig. 5 Inertial navigation attitude error for ellipsoid gravity model.

where

P$(t) = [I-KNF(t)B(t) }Px(t) [I-KNF(t)B(t) ]

+ K N F ( t ) P y ( t ) K N F ( t ) T

PY(t)=E[NY(t)Ny(t)T]

i = 0

dYNF(t) = +NY(t)

(18)

(19)

(20)**

(21)

(16)

In these expressions 5XNF(t) is the navigation filter state vec-
tor perturbation, dY^F(t) the measurement residual, 0S
( t , t _ j ) the transition matrix across the integration_ step
dt = t-t_j =30 sec, NY(t) the measurement noise, andFs the
mean value of the system dynamics matrix. The <t>2i(t,t_j)
matrix in Eq. (17) was obtained in a manner described in the
first part of Appendix B of Ref. 3.

In the derivation of the perturbation equations which define
the system dynamics matrix Fs, no simplifications were in-
troduced. The additional error analysis computation time due
to including ail terms is minor compared to that required for
gravity evaluation.

In the aided-inertial mode the gravity model error is
modeled as a first-order Markov process.3'5 the gravity model
error correlation distances and uncertainties at the beginning
of navigation are typical of the values found in Refs. 3 and 5.
The state vector characteristics are listed in Table 3.

The B(t) matrix elements in the equations are the partial
derivatives of the measurements with respect to the state vec-
tor parameters and are therefore a function of both. Defining
relations for the measurements are provided following, along
with appropriate values for the elements of the measurement
covariance matrix PY(t).

**Six terms were found to provide all the significant digits required.
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Table 3 State vector characteristics

Parameter

Velocity
east, north

Position
east, north

Attitude
east, north
azimuth

Gravity, model error
east
north

Element
no.

1,2

3,4

5,6
7

8
9

Initial
standard

error

1 knot

300ft

18se<T
180 sec

24 mgal
24 mgal

Correlation
distance

——

——

——
__.

30 n. mi.
15 n. mi.

Effect of Gravity Model Errors on Residuals
Since only gravity model effects are being determined, the

residual 5YGS(t) in Eq. (15) is the deviation of the
measurement derived from the state associated with the
reference gravity model from a similar measurement deter-
mined by the navigation system (based on use of the sim-
plified gravity model) at the time of the measurement. As a
consequence, the residual in the measurement vector due to
use of a simplified gravity model is given by

S Y G S ( t ) = f ( X B ( t ) ] - f [ X s ( t ) ] (33)

Checkpoint Geodetic Coordinate Measurement

d<t>* /dXNF

where /[ ] denotes a function of the variable inside the
brackets. Equations for the right side of this expression are
provided below for both types of external measurements em-
ployed in the aided-inertial mode. The equations are written
for the state associated with the reference gravity model XB
( t ) . Identical expressions may be obtained for/[^~(0 ] and

B(t) =

0 0 0

0 0 sec(/)*/(RN+H)

0 0 0 0 0 0

0 0 0 0 0 0
(22)

f = a(l-e2)/(l-e2sin2<t>*)3/2

e=f(2-f)

<*l* 0

0 a?
Py(t) =

(23)

(24)

(25)

(26)

f [ X B . ( t ) ] by substituting the appropriate values for the
parameters involved.

Checkpoint Geodetic Coordinate Measurement

where a(t)* = ax =3 arc sec (random), H=geodetic height, 0*
= geodetic latitude, X = geodetic longitude, a = semimajor axis
of reference ellipsoid,/= reference ellipsoid flattening.

B(t) =

Doppler Radar Velocity Measurement"!*!

dVH/dXNF

dvc/dxNF
cos6H 0 0 0** 0»

cos6H -sinOff 0 0 0** 0**

</>* ^

/;

-(VNwaBH-

-(VNcos0H +

T/"D fh[(7-l-V-L- D* \ 1 /2 r / r~ •**-* jg v " I \ •* i •*»• i -» /j / J — ' XYo ' ' XY

r x ~\ r
r V ( + \ 1 ^/^c •— M ^ cin — '^ L A B ( r ) j cos sinL r^yfl -1 L

F^cosl?^) 0 01

VEsinOH) 0 0 J

B(1+P2
B)} (34)

B 1 /'^^^
r ( 'r^ye

 J

(27)

V =

1852
3600

1852
3600

dtd

(29)

(30)

(31)

(32)

where P H =4xlO~ 3 knots2/(rad/sec)/knot; Pc = 6 x l O ~ 3

knots2/(rad/sec)/knot; dtd = 10 sec, VH, Vc = along -heading
and cross-heading doppler velocity components, respectively;
VE, FN = east and north components of the navigation
ground speed, respectively.

tf Reference 4 discusses doppler radar error models.
% JZero because vertical velocity is zero.

PB=[(l+K)ZB-KhBsin 4>*B]/rXYB (36)

hB = rXYBcos <t>*B + ZBsin 4>*B — a(l—e2s'm2<t)*B) (37)

r^y = (X2
B+ Y2

B)1/2 (38)

K=e2/(l-e2) (39)

[J^ Y Z ] = (Pe) T (40)

where & = reference ellipsoid semiminor axis.
In the last expression, XB) YB, and ZB are the earth-

centered, earth-fixed coordinates of the position vector.
Equations- (34, 36, and 37) indicate an iterative calculation is
involved. Fortunately, the iterative procedure converges
rapidly.7

Doppler Radar Velocity Measurement

fv[XB(t)]=Cd
v[Vv

B(t)}Vl(t) (41)

Vi(t)=Cv
i(Pi

B) [Pir-&4xH] (42)
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Fig. 6 Aided-inertial navigation gravity model error for ellipsoid
gravity model.
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Fig. 7 Aided-inertial navigation velocity error for ellipsoid gravity
model.

=[0 0

(43)

(44)

where o>fe = the earth's rotation rate.
The last equation is based on the assumption of zero pitch

and roll angles, i.e., the doppler antenna is assumed to be
stabilized to the local geodetic vertical. The parameters P^and
P'B denote velocity and position, respectively, in an earth-
centered inertial coordinate system. Coordinate trans-
formations between geodetic vertical and doppler antenna
coordinates are denoted by Qf [ Vv

B(t) ]. The coordinate trans-
formation between inertial and geodetic vertical coordinates
Q (Pjg) is defined by

0

cos6HB -sinfl,,

0
— sinXfi.

-1

0

cosXfl.

(45)

0

COS0B

where
\B. = \B + wiet (47)

The gravity model error for aided-inertial navigation due to
use of an ellipsoid gravity model is defined by

AgGS(t)=gs[Ps(t)]-gB[PB(t)] (48)

The east, north and vertical components of AgGS (t) are plot-
ted in Fig. 6 and the corresponding velocity, position, and at-
titude errors in Figs. 7-9, respectively. As in the plots for the
inertial case, the vertical component of the gravity model
error is shown, but was not a forcing function because of the
clamping of the vertical channel. The slight departure from
zero of the vertical components of the velocity and position
errors in Figs. 7 and 8 are due to cross-coupling of horizontal
errors into the vertical channel.

-400
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+ - VERTICAL

75 100
TIME IN MINUTES

Fig. 8 Aided-inertial position error for ellipsoid gravity model.

50 125 150 17575 ' l6o
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Fig. 9 Aided-inertial navigation attitude error for ellipsoid gravity
model.

Table 4 Deterministic navigation error

Operational
mode
Inertial

12-State
Aided-inertial

Velocity
east
+ 1.41
-1.34
+ .69
- .65

(fps)
north

+ .50
-.50
+ .36
-.16

Peak values
position
east

1883
-899

382
-327

(ft)
north

165
-622

150
- 20

Comparison of the velocity and position errors for the iner-
tial and 12-state aided-inertial modes shows a marked change
in the deterministic navigation error. Table 4 summarizes the
change in terms of the peak positive and negative values of
velocity and position errors. The results are apparently largely
due to use of external measurements to estimate velocity,
position, and attitude since the gravity model error for both
modes is nearly identical. It appears that the first-order
Markov model was not very effective. Assumption of a
higher-order Markov process might bring about a small
reduction in the navigation errors.

(46)

Generation of Perturbed Reference Gravity Models
An error in a mean anomaly derived from surface gravity

measurements causes mean disturbance errors which, in turn,
cause predictable errors in the nearby point mass ratios and,
hence, in the value of gravity derived from the reference
gravity model. Thus, the straightforward evaluation of the
perturbations in gravity derived from the reference gravity
model due to mean anomaly perturbations would involve the
complex fitting process associated with the generation of the
point mass ratios. The development of regression formulas
relating disturbance vector perturbations directly to point
mass ratio perturbations provides a convenient and accurate
method of circumventing the fitting process. On physical
grounds such as scheme appears possible because each point



1500 CHATFIELD, BENNETT, AND CHEN AIAA JOURNAL

Table 5 Regression coefficients for reference gravity model

Point mass set
5°x5°a

i °x r*
15'xl5'c
5'x5'd

<*i
-48.22
-16.68
- 10.26
- 12.03

*2

9.176
1.972
1.270
1.658

^
8.887
4.064
2.498
2.624

a4

8.862
4.108
2.495
2.631

<*5

9.343
1.969
1.275
1.644

a Coefficient values have been multiplied by 105 .
b Coefficient values have been multiplied by 106 .
c Coefficient values have been multiplied by 1 07 .
^Coefficient values have been multiplied by 1C8 .

mass ratio is primarily determined by the local mean distur-
bance vectors. A regression formula of the following type was
found to be accurate to within less than 10% on the average

(49)

In this expression /w(<£*,X) denotes a mass ratio which is a
function of geodetic latitude and longitude and 6g(0*,X)
denotes the geodetic vertical component of the disturbance
vector, which is also a function of geodetic coordinates. The
coefficients a} through a5 are constants for each mean
anomaly grid size. The A</>* and AX increments correspond to
this grid size. Thus, the perturbed value of the point mass
ratio at the coordinates of the center of one of the grid sizes is
determined by the perturbed value of the disturbance vector
directly above and the perturbed values of the nearest distur-
bance vectors lying to the north, east, west, and south, respec-
tively [see Eq. (49)]. The numerical solution coefficient
values for each point mass set are listed in Table 5.

Uncertainty Due to Imperfections in Gravity Data
The uncertainty in establishing the deterministic error in

navigation state due to the uncertainty in the mean gravity
anomaly data§§ was assessed by repeated evaluations of Eq.
(5) using the perturbed reference gravity models. By this
means, perturbations in navigation state are obtained which
are due to perturbations in the reference gravity derived from
randomly selected perturbations in the mean anomaly data.
Of course, the random perturbation selection was controlled
so as to reproduce the data base uncertainty statistics for an
ensemble of perturbations.

For operations involving single trips by the same navigated
vehicle over many diverse trajectories within a specified
operational region, the aforementioned navigation un-
certainty can be established by repeating the analysis
described in this section a number of times for a number of
trajectories. For one trip, or for repeated trips along the same
route, the navigation uncertainty will exhibit a specific
variation with time, which will be different for each route
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Fig. 10 Standard error in inertial navigation gravity.
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Fig. 11 Standard error in inertial navigation velocity.
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Fig. 12 Standard error in inertial navigation position.
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Fig. 13 Standard error in inertial navigation attitude.

because gravity data uncertainty varies with geographic
location.

The uncertainty in establishing the deterministic error in the
navigation state due to reference gravity model data un-
certainties is described by the covariance of AXGD(t),
denoted Cov [AXGD(t)]> which is defined by the expected
value of the product of '&XGD(t\ and its transpose. In
mathematical form

where
(50)

(51)

§§2mgalla.

Here, N is the number of times the reference gravity model
data base is perturbed in the Monte Carlo process. As in-
dicated by 'a comparison of Eqs. (3) and (5), the mathematical
relations for evaluating &XGD.(t) are the equations provided
with the S subscript replaced by £,.

Based upon five perturbed reference gravity models, the un-
certainty in the gravity model error shown in Fig. 2 is as
provided in Fig. 10 for operation in the inertial mode. The
corresponding uncertainties in the evaluations of the deter-
ministic velocity, position, and attitude errors are displayed in
Figs. 11-13, respectively. It is readily apparent from the
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figures that the uncertainty in evaluating the deterministic
navigation errors is very small, even if one makes allowances
for the small number of reference gravity model perturbations
employed in the error analysis. This result is, of course, due to
the selection of a flight region in which the uncertainty
ascribed to available mean free-air anomaly data is relatively
low. In the aided-inertial mode the navigation standard errors
are less than 0.03 fps for velocity, 12 ft for position, and 0.12
arc sec for attitude.

Conclusions
For the selected flight path, use of available gravity field

data reduces inertial navigation velocity and position inac-
curacy from peak values of 1.41 fps and 1883 ft to 0.05 fps
and 40 ft, respectively. In the aided-inertial mode with dop-
pler velocity and checkpoint position updates, the reduction is
from 0.69 fps and 382 ft to 0.03 fps and 12 ft, respectively.
This improvement in accuracy is achieved by evaluating the
deterministic part of the navigation error using the method
described in this paper (or any equivalent method) and
removing the error from the navigation state as a function of
time. The point mass model representation of the earth's com-
plex gravity field provides a useful reference gravity model for
evaluating the deterministic part of the navigation error.

The calculation of gravity using the reference model in real
time would provide the same reduction in navigation state un-
certainty mentioned previously, but it is probably not prac-
tical at present because of the computer storage and com-
putation speed requirements associated with the evaluation of
gravity from thousands of point masses.

The effect of gravity model inaccuracy is significantly
reduced by use of external measurements processed through a
Kalman filter. The reduction of 50% in velocity and 80% in

position for the considered navigation configuration is
primarily due to the inclusion of velocity, position, and at-
titude in the aided-inertial navigation state vector. Use of fir-
st-order Markov model for the gravity model uncertainty
resulted in very little of the gravity model error being removed
by the estimation process. Such a result is not surprising since
there are two parameters involved in a first-order Markov
model and 10,722 involved in the evaluation of the deter-
ministic gravity model error. The development of more ac-
curate models of the gravity model error is a subject for fur-
ther investigation.
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